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Abstract Bubble nucleation is the critical first step during magma degassing. The resultant number
density of bubbles provides a record of nucleation kinetics and underlying eruptive conditions. The rate
of bubble nucleation is strongly dependent on the surface free energy associated with nucleus formation,
making the use of bubble number density for the interpretation of eruptive conditions contingent upon
a sound understanding of surface tension. Based on a suite of nucleation experiments with up to >1016

bubbles per unit volume of melt, and using numerical simulations of bubble nucleation and growth during
each experiment, we provide a new formulation for surface tension during homogeneous nucleation of
H2O bubbles in rhyolitic melt. It is based on the Tolman correction with a Tolman length of 𝛿 = 0.32 nm,
which implies an increase in surface tension of bubbles with decreasing nucleus size. Our model results
indicate that experiments encompass two distinct nucleation regimes, distinguishable by the ratio of the
characteristic diffusion time of water, 𝜏diff, to the decompression time, td. Experiments with >1013 m−3

bubbles are characterized by 𝜏diff∕td ≪ 1, wherein the nucleation rate predominantly depends on the
interplay between decompression and diffusion rates. Nucleation occurs over a short time interval with
nucleation rate peaks at high values. For experiments with comparatively low bubble number density the
average distance between adjacent bubbles and the diffusion timescale is large. Consequently, 𝜏diff∕td ≫

1 and nucleation is nearly unaffected by diffusion and independent of decompression rate, with bubbles
nucleating at an approximately constant rate until the sample is quenched.

1. Introduction
Bubbles in magma form when volatiles dissolved in silicate melt exsolve, because the solubility of many
magmatic volatiles, such as water, is strongly pressure dependent. The resultant vesiculation produces bub-
bles that are composed of supercritical fluid, predominantly water, carbon dioxide, and other less abundant
volatiles (e.g., Johnson et al., 1994; Murase & McBirney, 1973; Sparks, 1978; Wallace et al., 2015). Vesicula-
tion includes bubble nucleation, growth, and also the loss of volatiles through flow of the exsolved volatiles
within the permeable magma. The vesiculation process is of importance for volcanic eruptions, in part
because the low density of the supercritical aqueous fluid phase inside bubbles imparts buoyancy to the
magma (e.g., Wilson et al., 1980) and also because the fluid is highly compressible, thus bearing the poten-
tial to expand at high rates during magma ascent. Moreover, the viscosity of silica-rich melts increases by
orders of magnitude when water exsolves, resulting in a feedback between pressure and vesiculation (e.g.,
Lensky et al., 2004; Prousevitch et al., 1993; Sparks, 1978).

Magma degassing therefore constitutes a rather complicated process with interplay between degassing and
magma ascent. The first step, and necessary condition, for degassing is bubble nucleation. Nucleation is
contingent upon the formation of clusters of volatile molecules that are of sufficient size to grow into bubbles
(e.g., Abraham, 1974). Classical nucleation theory (CNT) quantifies the kinetics for the formation of such
bubble nuclei. It allows for predictions of bubble nucleation rate, J, and resultant bubble number density,
Nm, defined as the number of bubbles per unit volume of melt. In erupting magma, nucleation is driven by
decompression that leads to volatile supersaturation of the melt (Sparks, 1978; Toramaru, 1989, 1990). At
the same time, volatile diffusion into existing bubbles will limit the degree of supersaturation that can be
achieved (e.g., Gonnermann & Manga, 2005, 2007; Prousevitch et al., 1993; Sparks, 1978). In other words, the
nucleation process is controlled by an interplay between decompression and diffusion rates (e.g., Toramaru,
1989, 1995). As a consequence, bubble number density in erupted magmas provides information about the
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Figure 1. Surface tension of rhyolitic melt measured directly or estimated
from nucleation experiments. Surface tension decreases somewhat with
temperature and with increasing water saturation pressure.

kinetics of magma ascent, which in turn provides constraints on eruption
dynamics and conditions that are not accessible to direct observation.

Measured bubble number densities in explosively erupted silicic mag-
mas are high (1013–1016 m−3; e.g., Adams et al., 2006; Alfano et al., 2012;
Carey et al., 2009; Giachetti et al., 2010; Gurioli et al., 2005; Houghton
et al., 2010; Klug & Cashman, 1994; Klug et al., 2002; Piochi et al., 2008;
Polacci, 2005; Toramaru, 1990). Based on homogeneous bubble nucle-
ation experiments, wherein bubbles nucleate in the bulk melt phase,
such high bubble number densities are thought to require supersatura-
tion pressures of ≥100 MPa (Fiege & Cichy, 2015; Gardner & Ketcham,
2011; Gondé et al., 2011; Hurwitz & Navon, 1994; Mangan & Sisson, 2000;
Marziano et al., 2007; Mourtada-Bonnefoi & Laporte, 1999, 2002 ; Nowak
et al., 2011; Preuss et al., 2016) and decompression rates of ∼100 MPa/s
(Hamada et al., 2010; Massol & Koyaguchi, 2005; Mourtada-Bonnefoi
& Laporte, 2004; Toramaru, 1989, 1995, 2006). During heterogeneous
nucleation preferential nucleation sites, such as Fe-Ti oxide crystals, may
reduce the energy of nucleus formation. Consequently, it has been pro-
posed that abundant oxides, or heterogeneities in melt structure that are
too small to be detected, may play an important role in facilitating the
high nucleation rates required to produce the bubble number densities

measured in explosively erupted silicic magmas (Shea, 2017). The implication is that homogeneous bubble
nucleation experiments might lack these heterogeneous nucleation sites and therefore lead to overestimates
on supersaturation and/or decompression rates. However, given the lack of direct observational evidence
for heterogeneous nucleation sites, at number densities of up to ∼ 1016 m−3, and given that heterogeneous
nucleation rate can be calculated by scaling surface tension based on homogeneous nucleation (e.g., Cluzel
et al., 2008), the prediction of bubble nucleation must be rooted in a sound understanding of homogeneous
nucleation. A necessary first step in interpreting vesicle data of volcanic products is therefore the ability to
reliably predict homogeneous nucleation during experiments under known conditions. This is the objective
of our study. By improving the capability to model homogeneous bubble nucleation in rhyolitic melts, across
a wide range of decompression rates and volatile saturations, we aim to provide an improved foundation
for investigating bubble nucleation during volcanic eruptions, including the possibility of heterogeneous
nucleation.

2. Review of Surface Tension (𝜸) in Rhyolite
CNT is based on the free energy associated with the formation of bubble nuclei. It is the sum of the negative
bulk energy and positive surface energy. The latter derives from the surface free energy per unit surface area
of the nucleus or, equivalently, the surface tension between bubble nucleus and melt. It is usually assumed
that surface tension during nucleation equals the macroscopically measurable value. This is called the cap-
illary approximation. The macroscopic value of surface tension has been measured directly in silicate melts
using methods such as sessile drop or pin detachment (Murase & McBirney, 1973; Taniguchi, 1988; Walker
& Mullins, 1981). For hydrous silicate melts direct surface tension measurements are limited to three stud-
ies: Khitarov et al. (1979) for basaltic melt, Epel'baum (1973) for rhyodacite melt, and Bagdassarov et al.
(2000) for haplogranitic melt. Of these three, the results of Bagdassarov et al. (2000) are frequently used for
the prediction of bubble nucleation. Bagdassarov et al. (2000) found that 𝛾B increases somewhat with tem-
perature and that it decreases with water saturation (Figure 1). Independent regression of their data results
in the empirical formula:

𝛾B = 1.21 × 10−1 exp(−2.24 × 10−2Psat)
+ 1.47 × 10−1 exp(−1.90 × 10−3Psat)
+ 7.5 × 10−5 (T − 1, 000).

(1)

The subscript B indicates the macroscopic surface tension of Bagdassarov et al. (2000). T is temperature in
degrees Celsius, and Psat, the saturation pressure in units of megapascals, is the fictive pressure at which
melt would be saturated with H2O (see Table 1 for symbol definitions and units).
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Table 1
Definition of Symbols

Symbol Definition
a0 Average distance between two neighboring water molecules (m)
Cm Water concentration in melt
Ci Initial water concentration in melt
CR Water concentration at fluid-melt interface
D Diffusivity (m2/s)
F(R, t) Size distribution function of bubbles (number per volume of melt)
f Fugacity coefficient of water
J Nucleation rate (m−3·s−1)
kB The Boltzmann constant (J/K)
l Average diffusion length between bubbles (m)
Mw The molar mass of water (kg/mol)
Mk kth moment of bubble size distribution (mk per volume of melt)
M0 Zeroth moment, bubble number density (number per volume of melt)
M1 First moment, radius of bubbles (m per volume of melt)
M2 Second moment, surface area of bubbles (m2 per volume of melt)
M3 Third moment, volume of bubbles (m3 per volume of melt)
mb Average mass of bubbles (kg)
mc Mass of critical nucleus (kg)
mg Total mass of fluid phase (kg per volume of melt)

NA The Avogadro's number (mol-1)
Nm Observed bubble number density in the experiments (number per volume of melt)
N∗

m Predicted bubble number density by the model (number per volume of melt)
n(Rc) Equilibrium number density of critical nuclei (number per volume of melt)
n0 Concentration of water molecules in the melt (number per volume of melt)
P Pressure (Pa)
Pm Melt pressure (Pa)
Pn Pressure inside a critical nucleus (Pa)
Pi Initial pressure in experiments (Pa)
Pf Final pressure in experiments (Pa)
Psat Saturation pressure of water (Pa)
Pb Average pressure inside bubbles (Pa)
q diffusive mass flux of water into bubbles (m−2·s−1)
R Bubble radius (m)
R̄ Mean bubble radius (m)
Rc Critical bubble radius (m)
Re Radius of equimolar dividing surface (m)
Rs Radius of surface of tension (m)

Using the macroscopic surface tension in CNT neglects a potential dependence of surface tension on nucleus
size, hypothesized to be the main reason for large discrepancies in nucleation kinetics between CNT and
experiments (Debenedetti, 1996; Lubetkin, 2003; Navon & Lyakhovsky, 1998). The difference in surface ten-
sion between a planar interface and a curved one, with radii of curvature less than ∼10 nm, is thought to
be significant (Fisher & Israelachvili, 1981; Joswiak et al., 2013; Tolman, 1949). The surface tension of a
bubble nucleus is, however, impossible to measure directly because of the small size of bubble nuclei and
because nucleation in silicate melts occurs at high pressures and temperatures. Furthermore, bubble nuclei
are ephemeral and grow rapidly in size. Instead, surface tension has to be estimated from bubble nucleation
experiments wherein volatile-saturated melt is decompressed at some rate to a lower value at which the
sample is quenched. Within the interior of the quenched sample the bubble number density is determined
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Table 1 (continued)

Symbol Definition
RMSE Root-mean-square error (number per volume of melt)
[SiO2] Silica content (wt %)
T Temperature (K)
t Time (s)
td Decompression time (s)
tpeak Time at which nucleation rate is maximum (s)

tpost Time at which sample was stayed at final pressure (s)

tquench Time from onset of decompression until quench (s)

Wn Change in free energy due to formation of a critical nucleus (J)
W*

n Empirical nucleation energy (J)
Z Zeldovich factor
𝛼 Surface tension correction
𝛤 Excess superficial molar concentration (mol/m2)
𝛾 Surface tension of melt-fluid interface (N/m2)
𝛾B Surface tension measured by Bagdassarov et al. (2000) (N/m2)
𝛾∞ Surface tension of melt-fluid planar interface (N/m2)
𝛥Pss Supersaturation pressure (Pa)
𝛿 Tolman length (m)
𝜂 Melt viscosity (Pa s)
𝜌m Melt density (kg/m3)
𝜀 molar concentration of H2O at the melt-fluid interface (mol/m3)
𝜏diff Diffusion timescale (s)
𝜙 Volume fraction of fluid phase (m3 per volume of melt)
𝛺 Molecular volume of water (mol/m3)
𝜔 Growth frequency of a critical nucleus (s−1)

Note. The provided units are used for variables in the equations unless otherwise
is stated in the text.

from thin sections or microtomographic reconstructions. A time-averaged nucleation rate is then estimated
from the ratio of bubble number density and the time over which the sample was decompressed. Examples
of such experiments in rhyolite are by Gardner and Ketcham (2011), Gardner et al. (2013), and Mangan and
Sisson (2005), and their results are included in Figure 1. From this time-averaged nucleation rate a surface
tension is calculated using CNT. This approach implicitly assumes a constant nucleation rate over the dura-
tion of the experiment, which is unlikely to be the case. Alternatively, surface tension can be estimated by
taking advantage of the time for the onset of nucleation, which is the minimum time required for bubbles
to be observable in a sample of given size. In this case samples are decompressed from the same initial pres-
sure to different final pressures until bubbles are first observed within the sample. The evolution of Nm is
calculated by integrating J with different values of surface tension to find the value of surface tension that
matches the minimum supersaturation pressure at which bubbles are experimentally observable. Examples
of such experiments in rhyolite are by Mourtada-Bonnefoi and Laporte (2004) and Hamada et al. (2010);
their results are also shown in Figure 1. Either approach yields constant surface tension estimates, but nei-
ther accounts for a potential dependence on nucleus size or the evolving physical properties of the system.
In addition, a source of inconsistency among existing estimates is the choice of parameter values (such as
molecular volume of water, diffusivity, and the use of saturation pressure or nucleus pressure; e.g., Cluzel
et al., 2008; Hamada et al., 2010; Shea, 2017). This inconsistency motivated Shea (2017) to recalculate and
fit surface tension from existing bubble nucleation experiments, resulting in

𝛾 = 6 × 10−2 exp(2.2 × 10−2(SiO2 − 66.5))
− 2 × 10−5(Psat − 200)
+ 5 × 10−6(T − 900),

(2)
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and also shown in Figure 1. Here SiO2 is silica content in units of weight percent, Psat in units of megapascals,
and T is in units of degrees Celsius.

Here we report a comprehensive suite of homogeneous bubble nucleation experiments in rhyolitic melt
that were performed under consistent experimental conditions of pressure, temperature, and water concen-
tration. Using the sole direct measurements of surface tension in silicic melt by Bagdassarov et al. (2000)
as a starting point, we develop a functional form for surface tension that enables the simulation of bubble
nucleation across the full range of saturation conditions and decompression rates. We account for the effect
of nucleus size through a Tolman correction (Joswiak et al., 2013; Lubetkin, 2003; Schmelzer & Baidakov,
2016; Tolman, 1949), which has been shown to improve the agreement between predicted and observed
nucleation rates (Joswiak et al., 2013). The Tolman correction defines the ratio of the size-dependent sur-
face tension of the bubble nucleus, 𝛾(Rs), to the surface tension of a planar surface with infinite radius of
curvature and therefore denoted as 𝛾∞. The Tolman correction is defined as (Tolman, 1949)

𝛾(Rs)
𝛾∞

= 1
1 + 2𝛿∕Rs

. (3)

Here Rs is radius of the surface of tension and 𝛿 is called the Tolman length. Both parameters are described
in section 7. We assume that 𝛾∞ can be approximated by macroscopic measured values, that is the
water-dependent surface tension of Bagdassarov et al. (2000), albeit with a correction to account for differ-
ences in melt composition between Bagdassarov et al.'s (2000) haplogranite and our rhyolitic samples, as
well as other potentially unaccounted discrepancies. Because there are no priori constraints on the form of
this correction, we assume that it scales linearly with 𝛾B and define 𝛾∞ = (1 + 𝛼)𝛾B, where 𝛼 is an empirical
constant.

3. Review of CNT
CNT quantifies the statistical rate of formation of nuclei of critical radius as a result of random fluctuations
of volatile molecules (e.g., Abraham, 1974; Debenedetti, 1996). It defines the steady state nucleation rate as

J = 𝜔(Rc) Z n(Rc), (4)

where 𝜔(Rc) is the frequency at which single water molecules enter the critical nuclei, Rc is the radius of a
critical nucleus, Z is the Zeldovich correction factor, which corrects for the departure of number density of
critical nuclei from the equilibrium value, and n(Rc) is the equilibrium number density of critical nuclei. For
bubble nucleation in a multicomponent system 𝜔 is defined as (Hurwitz & Navon, 1994; Hirth et al., 1970)

𝜔 =
(
4𝜋R2

c
) n0D

a0
, (5)

where D is the diffusivity of water molecules within the melt and a0 ≈ n−1∕3
0 is an average distance between

the centers of two neighboring water molecules, with n0 the concentration of water molecules in the melt.
The latter is

n0 =
Cm𝜌mNA

Mw
, (6)

where Cm is water concentration (molecular and hydroxyl), 𝜌m is melt density, NA is the Avogadro's number,
and Mw is the molar mass of water. The radius of the critical nucleus, Rc, is estimated from the Young-Laplace
capillary relation:

Rc =
2𝛾

Pn − Pm
, (7)

where Pn is the pressure inside the critical nucleus and Pm is the melt pressure. Pn is related to Psat through
(Cluzel et al., 2008)

𝑓 (Pn,T)Pn = 𝑓 (Psat,T)PsateΩ(Pm−Psat)∕kBT , (8)

where f(P,T) is the fugacity coefficient of water at the given pressure and temperature, 𝛺 is the molecular
volume of water, T is absolute temperature at nucleation in kelvins, and kB = 1.38 × 10−23J/K is the Boltz-
mann constant. Nuclei smaller than Rc will be unable to persist and grow in size. The equilibrium number
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density of critical nuclei, n(Rc), is proportional to the exponential of the reversible work needed to form a
critical nucleus:

n(Rc) = n0 exp
(
−

Wn

kBT

)
, (9)

where Wn is the change in free energy required to form a new interface between a nucleus and surrounding
phase. It was first derived by Gibbs (1961) and is given by

Wn = 16𝜋𝛾3

3(Pn − Pm)2 . (10)

Lastly, a simplified Zeldoich correction factor Z for bubble nucleation in a multicomponent silicate melt is
derived by Hurwitz and Navon (1994) as

Z =
Ω(Pn − Pm)2

8𝜋𝛾3∕2
√

kBT
. (11)

By substituting equations (5), (9), and (11) into equation (4) the classical homogeneous steady state
nucleation rate can be calculated as

J =
2Ωn2

0D
a0

√
𝛾

kBT
exp

(
− 16𝜋𝛾3

3kBT(Pn − Pm)2

)
. (12)

Because there currently are no established experimental constraints on the time lag of nucleation or the
induction time (e.g., Schmelzer et al., 2017), during the nucleation of water bubbles in rhyolitic melt, we
will assume throughout that nucleation is at steady state in experiments and model simulations.

4. Experimental Methods
For experiments, we used cylinders of 2.2 mm in diameter and 1.1–1.3 cm in length, cored from a high silica
rhyolitic obsidian with less than 1 vol. % of Fe-Ti oxide microlites observed in thin section of several cores.
The glass composition, determined by electron microprobe and normalized to 100 wt %, was 76.53 SiO2,
0.06 TiO2, 13.01 Al2O3, 0.79 FeO, 0.08 MnO, 0.02 MgO, 0.74 CaO, 3.87 Na2O, and 4.91 K2O (Gonnermann
& Gardner, 2013). All sharp edges of the glass were ground using emery paper and washed, in order to
avoid piercing of metal tubing in which they were held during the experiments. Experiments were carried
out in two steps: Each sample was first hydrated at pressure Pi and temperature T (Table 2) and thereafter
decompressed to final pressure Pf (Table 3).

During the hydration step the obsidian sample, together with sufficient distilled water to saturate the melt
(usually 10% by weight of the cylinder), were placed in a 4-mm outer diameter Au capsule. The capsule
was crimped, welded shut, and weighed before and after it was heated to check for leaks. The capsule was
then placed inside an externally heated cold-seal pressure vessel, made of a Nickel-based alloy, and held at
Pi and T for at least 5 days (Table 2). Hydration at 850–875 ◦C, produced crystal free hydrated melt, which
ensures homogeneous bubble nucleation during decompression (Gardner et al., 1999). The sample was then
quenched and split into at least two parts. One part was used to measure the concentration of dissolved
water using a Thermo Electron Nicolet 6700 spectrometer and a Continuum infrared microscope. Water
concentrations are listed in Table 2 as the averaged sum of molecular water and hydroxyls, determined from
absorbances at 5,250 and 4,500 cm−1, using a white-light source, a CaF2 beamsplitter, and the model of
Zhang et al. (1997). The thickness of the sample, at the location where each spectrum was collected, was
measured using a Heidenhain focus drive linear encoder. Repeated measurements indicated that it was
precise to ±0.6𝜇m. The other part(s) of each sample was (were) used for the decompression steps.

In the decompression step the hydrated sample was sealed inside an Au capsule and placed into a cup,
located on the end of an Inocel rod. The rod was then inserted into an externally heated rapid-quench
cold-seal pressure vessel. The pressure vessel was heated to the desired temperature, and the sample was
raised into the hot zone of the pressure vessel by an external magnet. Pressure was quickly adjusted by a
hand-operated intensifier to 1 MPa above Pi to prevent exsolution of water. After the sample had been heated
for 5 min, pressure was released to the final pressure over a time interval, td. The sample was then held at Pf
for a duration of tpost. Finally, it was quenched at a rate of approximately 150 K/s by lowering it back into the
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Table 2
List of Hydration Experiments

Hydration Pi (MPa) th (hr) T (◦C) [H2O] (wt%)
G-591a ,b 160 120 875 5.01 ± 0.18
G-630a ,b 160 120 875 4.81 ± 0.14
G-695a ,b 160 120 875 4.95 ± 0.05
G-610a ,b 160 120 875 5.00 ± 0.03
G-931a ,b 160 120 875 5.03 ± 0.02
G-594a ,b 160 120 875 5.17 ± 0.50
G-644a ,b 160 120 875 4.90 ± 0.08
G-882a ,b 160 120 875 5.03 ± 0.01
G-883a ,b 160 120 875 4.93 ± 0.05
G-885a ,b 160 120 875 5.00 ± 0.01
G-595a ,b 160 120 875 4.93 ± 0.13
G-1594A 160 118 875 4.79 ± 0.01
G-1607 160 121 875 4.85 ± 0.08
G-876a ,b 160 120 875 5.08 ± 0.01
G-1570 190 168 850 5.70 ± 0.01
G-1594B 200 118 875 5.51 ± 0.03
G-1608 200 123 875 5.48 ± 0.04
G-1121b 200 120 875 5.62 ± 0.06
G-1140b 200 120 875 5.66 ± 0.02
G-1147b 200 120 875 5.52 ± 0.02
G-1457 200 144 850 5.71 ± 0.02
G-1456 200 145 850 5.70 ± 0.01
G-1483 200 216 850 5.50 ± 0.08
G-1608 200 123 850 5.48 ± 0.04
G-1448 200 167 850 5.70 ± 0.01
G-1544c 220 150 850 5.68 ± 0.01
G-1545c 220 150 850 5.59 ± 0.04
G-1590c 250 167 850 6.29 ± 0.01
G-1591c 250 167 850 6.29 ± 0.02
G-1680c 250 167 850 6.45 ± 0.08
G-1477 250 185 850 6.23 ± 0.01
G-1451 250 187 850 6.35 ± 0.05
G-1446 250 197 850 6.28 ± 0.01
G-1455 250 143 850 6.23 ± 0.03

Note. Pi is saturation pressure, th is total hydration duration, T is temperature during
hydration, and [H2O] is the concentration of dissolved water.
aExperiments discussed in Gardner and Ketcham (2011). bExperiments discussed
in Gonnermann and Gardner (2013). cExperiments discussed in Gardner et al.
(2018).

water-cooled jacket. Using diffusion modeling, we have confirmed that bubble resorption during quenching
has a negligible effect on Nm and R (Gardner et al., 2018). The sample was weighed to check for any water
loss and then sectioned to estimate bubble number density, Nm, defined as number of bubbles nucleated
within the interior of the sample per volume of glass.

Two different methods were used to measure Nm. For samples in which relatively few bubbles nucleated, Nm
was measured by counting all bubbles that appeared in several regions of the sample, each 40 𝜇m × 40 𝜇m in
surface area, as the field of view was moved through the sample using the focusing knob of the microscope.
The depth of view was usually between 800 and 2,000𝜇m, as measured using the focus drive encoder. Bubble
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Table 3
List of Decompression Experiments

Pi Pf td tp T W*
n(𝛾b) W*

n(𝛾) Nm 𝜙

Run Hydration (MPa) (MPa) (s) (s) (◦C) (10−18 J) (10−18 J) (m−3) (%) 𝜏diff∕td

G-660a ,b G-630 161 80 5.0 55 875 6.5 1.8 0 —
G-593a ,b G-591 161 65 3.0 57 875 4.5 1.4 0 — —
G-724a ,b,c G-695 161 52.5 10.0 50 875 3.5 1.2 2.50 × 108 — 5.8 × 103

G-906a ,b,c G-883 161 51.5 10.0 50 825 3.2 1.2 0 — —
G-658a ,b G-610 161 47.0 8.0 52 875 3.2 1.2 4.76 × 108 — 4.6 × 103

G-938a ,b G-931 161 37.0 10.0 50 825 2.5 1.0 73.5 × 108 — 3.8 × 103

G-604a ,b G-594 161 33.0 20.0 40 875 2.5 1.0 2.91 × 109 — 5.3 × 102

G-665a ,b G-644 161 22.5 9.0 51 875 2.1 0.1 2.14 × 109 — 1.5 × 103

G-890a ,b G-882 161 22.0 10.0 60 825 2.0 0.9 2.26 × 109 — 1.8 × 103

G-907a ,b G-885 161 15.0 16.0 44 825 1.7 0.9 4.95 × 108 — 3.1 × 103

G-608a ,b G-595 161 13.5 11.0 109 875 1.8 0.9 3.21 × 1010 — 2.1 × 102

G-1614 G-1594A 161 13.0 9.48 0 875 1.8 0.9 1.05 × 109 — 2.3 × 103

G-1627 G-1607 161 13.0 15.7 18.1 875 1.8 0.9 1.10 × 1010 — 2.9 × 102

G-1616 G-1594A 161 11.0 15.5 5.3 875 1.8 0.9 1.09 × 109 — 1.4 × 103

G-1628 G-1607 161 11.0 10.8 28.87 875 1.8 0.9 2.7 × 1010 — 2.3 × 102

G-889a ,b G-876 161 8.5 10.0 50 825 1.6 0.8 7.84 × 1010 — 1.7 × 102

G-1592c,d G-1570 191 77 2.27 58 850 2.9 1.1 1.86 × 1011 0.8 2.9 × 102

G-1593d G-1570 191 52 3.11 57 850 1.9 0.9 5.89 × 1011 12.3 9.7 × 101

G-1129b G-1129 201 100 17.0 43 875 3.8 1.2 — — —
G-1159b G-1147 201 85.5 10.0 48 875 2.8 1.1 — — —
G-1617 G-1594B 201 75.5 45.46 0 875 2.4 1.0 1.01 × 108 — 1.8 × 103

G-1622 G-1594B 201 75.0 33.80 29.5 875 2.4 1.0 1.38 × 109 — 4.4 × 102

G-1632 G-1608 201 75.0 33.92 56.5 875 2.4 1.0 2.31 × 1010 — 6.5 × 101

G-1148b G-1140 201 74.5 35.0 25.0 875 2.4 1.0 5.93 × 109 — 1.5 × 102

G-1620 G-1594B 201 74.2 27.7 12.1 875 2.3 1.0 8.0 × 108 — 7.7 × 102

G-1482d G-1457 201 54.0 1.46 60.0 850 1.6 0.8 2.57 × 1012 31.8 7.5 × 101

G-1481d G-1457 201 54.0 2.30 14.6 850 1.6 0.8 1.23 × 1012 2.6 7.8 × 101

G-1484d G-1456 201 54.0 1.65 89.8 850 1.6 0.8 3.39 × 1012 33.1 5.6 × 101

G-1501d G-1483 201 54.0 1.43 31.2 850 1.6 0.8 2.63 × 1012 25.9 7.9 × 101

G-1638d G-1608 201 42.0 7.65 52.5 875 1.4 0.8 5.89 × 1013 51.4 1.6 × 100

G-1466d G-1448 201 29.5 3.40 15.0 850 1.2 0.7 5.89 × 1014 73.6 8.9 × 10−1

G-1480d G-1456 201 29.0 2.18 61.1 850 1.2 0.7 1.86 × 1015 61.1 6.3 × 10−1

G-1500d G-1483 201 29.0 1.58 90.6 850 1.2 0.7 3.16 × 1015 60.5 6.3 × 10−1

G-1510d G-1483 201 28.5 1.14 45.2 850 1.1 0.7 2.82 × 1015 62.9 9.4 × 10−1

G-1470d G-1448 201 28.5 2.16 9.3 850 1.1 0.7 1.74 × 1015 58.8 6.8 × 10−1

G-1581d G-1544 221 57.0 1.52 13 850 1.2 0.7 6.03 × 1015 44.1 4.8 × 10−1

G-1582d G-1544 221 56.0 1.99 58 850 1.2 0.7 2.69 × 1015 31.6 6.1 × 10−1

G-1585d G-1544 221 52.0 1.46 29 850 1.2 0.7 5.37 × 1015 41.9 5.3 × 10−1

G-1586d G-1545 221 49.0 2.11 58 850 1.1 0.7 2.51 × 1015 38.3 6.1 × 10−1

G-1587d G-1545 221 46.0 1.76 58 850 1.1 0.7 3.89 × 1015 32.2 5.5 × 10−1

G-1636e G-1590 251 200.0 1.4 58.6 850 14.4 2.9 0 — —
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Table 3 (continued)

Pi Pf td tp T Wn(𝛾b) Wn(𝛾) Nm 𝜙

Run Hydration (MPa) (MPa) (s) (s) (◦C) (10−18 J) (10−18 J) (m−3) (%) 𝜏diff∕td

G-1639e G-1591 251 180.0 1.8 58.2 850 7.2 1.7 0 — —
G-1611e G-1590 251 173.5 2.0 58 850 6.0 1.5 0 — —
G-1645e G-1591 251 149.0 1.9 58.1 850 3.4 1.1 0 — —
G-1609c,e G-1590 251 149.0 2.37 57 850 3.4 1.1 2.75 × 109 — 4.9 × 103

G-1685e G-1680 251 134.0 1.71 58 850 2.5 0.9 2.09 × 109 — 8.1 × 103

G-1523e G-1477 251 122.0 1.87 90 850 2.0 0.8 8.71 × 1011 4.2 1.3 × 102

G-1502d G-1451 251 98.0 1.14 17 850 1.4 0.7 6.61 × 1015 14.1 5.6 × 10−1

G-1503d G-1477 251 98.0 1.57 61 850 1.4 0.7 1.41 × 1015 22.7 1.1 × 100

G-1513d G-1477 251 97.0 1.68 90 850 1.4 0.7 6.17 × 1014 17.9 1.9 × 100

G-1485d G-1451 251 76.0 1.96 15 850 1.0 0.6 2.69 × 1016 28.6 1.3 × 10−1

G-1473d G-1446 251 40.0 2.57 30 850 0.7 0.6 1.51 × 1016 49.3 1.4 × 10−1

G-1471d G-1455 251 39.0 1.45 6 850 0.7 0.5 9.12 × 1015 44.9 3.6 × 10−1

G-1476d G-1446 251 39.0 1.17 90 850 0.7 0.5 1.35 × 1016 50.1 1.8 × 10−1

Note. Pi is initial pressure, Pf is final pressure, td is decompression time, tp is hold time at Pf before quench, T is temperature, Wn(𝛾b), and Wn(𝛾) are nucleation
energy estimated using surface tension from Bagdassarov et al. (2000) and the one found in this study, respectively. Nm is bubble number density, 𝜙 is volume
fraction of bubbles, and 𝜏diff∕td is the ratio of diffusion timescale over decompression timescale.
aExperiments discussed in Gardner and Ketcham (2011). bExperiments discussed in Gonnermann and Gardner (2013). cExperiments that are considered as
outliers. dNm was determined by scanning electron microscope analysis, whereas all other samples used an optical microscope. eExperiments discussed in
Gardner et al. (2018).

number densities in each region were then estimated by dividing the number of bubbles counted by the
corresponding volume of melt. The individual values obtained were averaged to give the final value of Nm.

In samples where bubbles were too numerous to be counted individually, Nm was estimated using images
obtained at four different areas of thin section of the sample. The grayscale images were taken using a scan-
ning electron microscope at a single resolution of 0.91 to 0.09 𝜇m (pixel)−1, depending on the size of bubbles.
For four samples the images were randomly chosen from the stack of images taken at a resolution of 4 𝜇m
(pixel)−3 at the University of Texas High-Resolution X-ray Computed Tomography Facility. Each image was
transformed to binary using Adobe Photoshop®. The two-dimensional bubble number density was then esti-
mated in each image by counting the number of individual bubbles and the surface area of glass using the
Image Processing Toolbox of MATLAB®. Nm was then obtained from the two-dimensional bubble number
density using the method developed by Sahagian and Proussevitch (1998). The final Nm of the sample was
estimated by taking the average Nm of the four images analyzed. See Giachetti et al. (2019) for more details
on analyzing experiments with high Nm. In both methods bubbles that appear to consist of two or more
partially coalesced bubbles were counted separately as individual bubbles.

5. Numerical Model
5.1. Conceptual Model
We used a numerical model to calculate the evolution of bubble number density and bubble size during
each experiment. The model constitutes a system of coupled ordinary differential equations that describe the
rate of change in the number of bubbles per unit volume of melt during decompression at some given rate.
The model is isothermal because the pressurizing medium in our experiments was water, and, unlike for
experiments pressurized by compressed gas (e.g., Hamada et al., 2010), changes in temperature associated
with decompression or volatile exsolution were not large enough to significantly affect the water solubility
or melt viscosity in our experiments (Gonnermann & Gardner, 2013). The independent variable is time, t.
The dependent variables are the zeroth through third moments of the bubble population, Indicative of bub-
ble number density (N∗

m), mean bubble radius (R̄), surface area of bubbles, and volume fraction of bubbles
(𝜙), respectively. The concentration of dissolved H2O in the melt, Cm, is the fifth dependent variable. Any
changes in the dependent variables are driven by the change in external pressure, Pm, which is a prescribed
variable. The model is thus meant to simulate the conditions in the interior of the experimental charge
during an experiment.
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Figure 2. Schematic representation of bubble nucleation and growth for an experiment wherein nucleation peaks and
ceases before the sample is quenched. Decompression starts at t = 0, when the melt is saturated with water and
contains no bubbles. As pressure decreases the melt becomes supersaturated in water, bubbles nucleate, and water
diffuses into bubbles. The inset illustrates that diffusion creates a halo of melt in the periphery of each bubble (labeled
“1”) wherein water concentration is less than the initial concentration (labeled “2”), which still exists outside of the
halo (labeled “3”). At t = tpeak diffusion has begun to reduce the initial water concentration throughout the entire melt.
As a consequence, supersaturation pressure decreases and nucleation rate drops rapidly. At td decompression ceases
and at tquench the sample is quenched. It should be noted that the numerical model calculates the average water
concentration, Cm, rather than the spatially varying concentration as schematically illustrated here.

Initial conditions of dependent variables at t = 0 are denoted by a subscript “i” throughout the text. All ini-
tial conditions are zero except for Cm,i and Pm,i, which are based on experimental conditions (Table 3). Cm,i
is determined from the solubility model of Liu et al. (2005) at Pm,i. As Pm decreases the melt becomes super-
saturated in H2O and J increases (Figure 2). At the same time bubbles that have already nucleated will grow
because the pressure within bubbles, Pb, is greater than Pm. Because of bubble growth Pb decreases and the
concentration of water at the bubble-melt interface, which is assumed to be the solubility of water at pres-
sure Pb, also decreases. This results in a concentration gradient between dissolved water at the bubble-melt
interface (CR) and the average concentration of water dissolved within the melt (Cm). As a consequence
water will diffuse toward and into existing bubbles, and Cm will not only decrease by nucleation but also
because water exsolves from the melt by diffusion. This decrease in Cm provides a negative feedback on
nucleation rate by reducing the degree of supersaturation, Psat − Pm. The model therefore simulates the
balance between supersaturation-driven nucleation and diffusion-driven exsolution.

5.2. The Method of Moments
The number of bubbles in most experiments, and also in real volcanic systems, is too numerous to calculate
the growth of individual bubbles from the time of nucleation. Instead, the process is simulated using the
standard method of moments, which accounts for the evolution of population balance equations (Randolph
& Larson, 1988; Toramaru, 2001). It was first used for bubble nucleation in magmas by Toramaru (1989,
1995). Assuming spatial averages, the kth order moment is defined as

Mk(t) = ∫
∞

Rc

RkF(R, t)dR. (13)
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Here F(R, t) is the length-based number density function, which is the number of bubbles per unit volume
of melt at time 0 ≤ t ≤ tquench and within the interval of radii ranging from R to R + dR. Each moment of
the bubble population is related to a measurable characteristic of the modeled system as defined below.

The zeroth moment is defined as

M0(t) = ∫
∞

Rc

F(R, t)dR. (14)

It is the bubble number density at time t, defined as the sum of all bubbles per volume of melt. The change
in bubble number density with respect to time is the derivative of the zeroth moment with respect to time.
In the absence of bubble coalescence and shrinkage it is equal to the nucleation rate

dM0

dt
= J, (15)

where J is given by equation (4). Integration of equation (15) from the onset of decompression until
quenching of the sample results in the predicted bubble number density, N∗

m = M0(tquench).

The first moment is defined as

M1(t) = ∫
∞

Rc

F(R, t)RdR, (16)

which is an indicative of mean bubble radius, R̄ = M1∕M0. The motions for the first moment are given by

dM1

dt
= dR̄

dt
M0 +

dM0

dt
Rc. (17)

The first term in the right-hand side is due to growth of existing bubbles, and the second term represents the
nucleation of new bubbles, where Rc is the critical radius of a nucleating bubble as given by equation (7).
The latter is often small compared to the first term and is neglected in the equations for motion of moments
in Randolph and Larson (1988) and Toramaru (1995). However, we found it important at the early stages of
nucleation, when R̄ ∼ Rc, and consider it in our numerical computations of the first moment, and similar
for the second and third moments.

The rate of bubble growth, dR̄/dt, in equation (17) is calculated using the Rayleigh-Plesset equation (Plesset
& Prosperetti, 1977) given as

Pb − Pm = 2𝛾
R̄

+ 4𝜂 1
R̄

dR̄
dt

, (18)

if inertial terms are neglected, which is justified because they are sufficiently small compared to viscous
forces under the conditions of our experiments (e.g., Prousevitch et al., 1993; Toramaru, 1995). Here 𝜂 is
the melt viscosity, calculated from the viscosity model of Hui and Zhang (2007) at CR and T. Bubble growth
occurs if the pressure difference of the fluid inside the bubble, Pb, and the surrounding melt, Pm, exceeds
the Laplace pressure, 2𝛾∕R̄. The value of Pb is calculated from the equation of state of Holloway (1977), at
volume 4𝜋R̄3∕3 and mass mg∕M0, where mg is the total mass of water in the fluid phase per unit volume of
melt and given by equation (26).

The second moment is defined as

M2(t) = ∫
∞

Rc

R2F(R, t)dR. (19)

It corresponds to total surface area of bubbles (𝜋M2) per volume of melt. The motion of the second moment
is defined as
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dM2

dt
= 2 dR̄

dt
M1 +

dM0

dt
R2

c . (20)

Finally, the third moment, defined as

M3(t) = ∫
∞

Rc

R3F(R, t)dR, (21)

is related to the volume fraction of bubbles, 𝜙, as

𝜙 =
(4∕3)𝜋M3

1 + (4∕3)𝜋M3
. (22)

The motion of the third moment is given by

dM3

dt
= 3 dR̄

dt
M2 +

dM0

dt
R3

c . (23)

5.3. Average Water Concentration and Pressure
The concentration of water dissolved in the melt decreases as a consequence of water molecules clustering
to form bubble nuclei and as a consequence of water molecules diffusing into existing bubbles. The latter is
estimated from the conservation of mass:

dmb

dt
= 4𝜋R̄2𝜌mq. (24)

Here 𝜌m = 2324 kg/m3 is the melt density calculated from Lange (1994) for the melt composition and
temperature in our experiments. Changes in 𝜌m, due to changes in the concentration of dissolved water
and pressure during the experiments, are sufficiently small for the purposes of this model and are there-
fore neglected. The q is the mass flux of water diffusing into bubbles, calculated using the mean field
approximation (Toramaru, 1995):

q = D
(

Cm − CR

R̄

)
. (25)

Here CR is calculated from the solubility of Liu et al. (2005) at pressure Pb.

The rate of change in the total mass of the fluid phase, mg, comprises the sixth differential equation of our
model. It is given by

dmg

dt
= M0

dmb

dt
+

dM0

dt
mc. (26)

The first term in the right-hand side of equation (26) is the diffusion of water into bubbles, given by
equation (24). The second term is the addition of water to the fluid phase due to the nucleation of new bub-
bles. The variable mc is the mass of a bubble nucleus, calculated using the equation of state at pressure Pnuc
and volume 4𝜋R3

c∕3. The average concentration of dissolved water in the melt is therefore given by

Cm = Cm,i − mg∕𝜌m. (27)

The rate of change in melt pressure, Pm, constitutes the last equation and is given by

dPm

dt
= −

Pi − Pf

td
, if 0 < t < td,

and
dPm

dt
= 0, if td,⩽ t ⩽ tquench.

(28)
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Figure 3. (a) Bubble number density, Nm, as a function of the empirical nucleation energy, W∗
n . (b) Nm as a function of

decompression rate, dP∕dt. Equation (29) for Psat = 250 MPa and T = 850 ◦C (black line). (c) Ratio of diffusion
timescale to decompression timescale, as a function of Nm. For 𝜏diff∕td ≫1 nucleation is incomplete and independent
of decompression rate, whereas for 𝜏diff∕td ≪1 nucleation is controlled by decompression rate.

5.4. Summary of Governing Equations and Initial Conditions
The numerical model comprises six coupled ordinary differential equations: (15), (17), (20), (23), (26), and
(28). They are integrated using the ode15s function of MATLAB® to obtain a predicted bubble number
density, N∗

m. Initial conditions at t = 0 are as follows:

M0,1,2,3 = 0,mg = 0, and Pm = Pi.

All parameters in the governing system of equations are either specified or calculated from existing formu-
lations: Lange (1994) for melt density; Liu et al. (2005) for water solubility in rhyolite; Hui and Zhang (2007)
for melt viscosity; Zhang and Behrens (2000) for water diffusivity given that their experimental conditions
match ours; Holloway (1977) for fugacity of water, with modification of Flowers (1979) and Ochs and Lange
(1999) for molecular volume of water; and Holloway (1977) for the equation of state of water.

6. Experimental Results
Bubble number density of the experiments ranges from no bubbles to over 1016 bubbles per 1 m3 of melt
(Figure 3). For each experiment Nm depends to various degrees on the nucleation energy, decompression
rate, and duration of the experiment. The nucleation energy, Wn, corresponds to the energy barrier for the
formation of a new interface between the fluid comprising a bubble nucleus and the surrounding melt. We
obtain an estimate of the minimum nucleation energy for each experiment that is solely based on measurable
parameters. It is denoted as W∗

n and based on equation (10), albeit at measured values Psat = Pi, Pm = Pf,
and surface tension calculated from equation (1) at initial water saturation. On the basis of Nm and W∗

n the
experiments can be divided into three groups.

6.1. No Bubbles
These are experiments during which no bubbles nucleated. They correspond to conditions where the
nucleation energy never reached sufficiently small values for bubbles to nucleate over the course of the
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experiment. The experimental sample volume is on average approximately 10 mm3, and samples with no
bubbles imply Nm < 108 m−3, corresponding to the shaded area in Figure 3a.

The transition from no bubbles to bubbles occurs at W∗
n ≈ 2.3 × 10−18 J. In the absence of established

experimental constraints on the nucleation time lag or the induction time (Schmelzer et al., 2017) we neglect
both. Under this assumption bubbles nucleate in an experimental sample when (JmaxV)−1 is less than the
time over which the sample was held at its final pressure. Here Jmax is the maximum nucleation rate at Pf,
and V is the sample volume.

6.2. Incomplete Nucleation
Figure 3b shows that experiments during which <1013-m−3 bubbles nucleated fall far from the trend pre-
dicted by the bubble number density decompression rate meter of Toramaru (2006). A dependence of Nm
on decompression rate is expected if bubble number densities are large and the distance between bub-
bles is small so that diffusive volatile exsolution affects supersatuartion at similar rates as decompression
(Gonnermann & Gardner, 2013; Hamada et al., 2010; Mourtada-Bonnefoi & Laporte, 2004; Toramaru, 1989,
1995). This dependence was quantified by Toramaru (2006) as the “bubble number density decompression
rate meter” and is given by

N∗
m ∼ a D−3∕2 𝛾−3

B P1∕2
sat T3∕4

(dP
dt

)3∕2
, (29)

where a = 3.16 × 10−23 is a constant. Experiments with bubble number densities of up to 1013 m−3, corre-
sponding to 1.3× 10−18 J⪅ Wn ⪅ 2.3× 10−18 J, cannot be predicted by equation (29) because Nm remained too
low for diffusion to affect saturation. As a consequence nucleation proceeded at its maximum possible rate
until the sample was quenched, which is before nucleation had run its course. There was little or no depen-
dence on decompression rate, which is the basis of equation (29). Allabar and Nowak (2018) also observed
decompression-independent bubble number densities in decompression experiments, albeit in hydrated
phonolitic melts. In contrast to our experiments with decompression-independent bubble number densi-
ties, for their experiments, the diffusion timescale at final bubble number densities is much smaller than
the experimental time. Allabar and Nowak's (2018) experiments therefore do not fall into the incomplete
nucleation regime; instead, they interpret their results as indicative of spinodal decomposition.

The relative importance of diffusion during decompression can be quantified through the ratio of the
diffusion timescale, 𝜏diff, to the decompression time, td, where we define 𝜏diff as

𝜏diff ≡ l2

D
. (30)

Here l is characteristic diffusion length, calculated from Nm and 𝜙 as (Mourtada-Bonnefoi & Laporte, 2002;
Navon & Lyakhovsky, 1998)

l = 1−𝜙1∕3

(1 − 𝜙)1∕3

(4𝜋
3

Nm

)−1∕3
, (31)

and D is calculated from Zhang and Behrens (2000) at the initial water saturation. For experiments with
small 𝜙 we approximate l as (4𝜋∕3 Nm)−1/3. We note that our ratio 𝜏diff∕td is different from the parameter 𝛼3
defined by Toramaru (1995), which is based on a diffusion length proportional to the critical bubble radius.
For experiments where 𝜏diff∕td ≫ 1 water diffusion into nucleated bubbles will be too slow to significantly
affect saturation within the bulk of the sample. In our experiments this is the case for samples with Nm ≲

1013 m−3 (Figure 3c).

6.3. Decompression Rate Limited Nucleation
Experiments during which >1013 m−3 bubbles nucleated fall on or near the trend predicted by the bubble
number density decompression rate meter of Toramaru (2006). Nm depends on decompression rate if bub-
ble number densities reach sufficiently high values for volatile diffusion to affect saturation. In this case
the maximum supersaturation depends on the relative balance between decompression and diffusion. As a
consequence there is an expected dependence of Nm on decompression rate (Figure 3b). Although bubble
number densities predicted on the basis of equation (30) approximate the observed values for samples with
𝜏diff∕td ≪ 1 far better than for samples with 𝜏diff∕td ≫ 1, further room for improvements exist.
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Figure 4. Comparison of observed bubble number density, Nm, with those predicted by the model, N∗
m, using surface

tension based on (a) equation (1) and (b) equation (2). Symbols are the same as in Figure 3.

7. Numerical Modeling of Bubble Nucleation and Prediction of Nm

Our ultimate goal is to improve the reliability by which we can simulate bubble nucleation during volcanic
eruptions. A critical first step in this direction is the ability to predict bubble nucleation during experiments
where pressure and water saturation are known. To this end we performed numerical simulations of bubble
nucleation within our experiments. The prediction of an experimental sample's bubble number density is
dependent on the value of Wn(t), given by equation (10). It depends on the evolving pressures Pn(t) and Pm(t),
and on 𝛾(t). The value of Pm(t) is experimentally controlled and known for each experiment. Pn(t) can be
calculated from equation (8). In contrast 𝛾(t) can neither be measured nor calculated directly. It is thought
to be different from the macroscopically measurable surface tension because of the dependence on nucleus
size (Tolman, 1949), which is thus far unconstrained for silicate melts.

We therefore have to constrain 𝛾 , together with its dependence on water saturation and nucleus size. We
do so through repeated numerical simulation of bubble nucleation, where each simulation suite uses a dif-
ferent functional parameterization of 𝛾 = f(𝛿, 𝛼, 𝛾B) for all experiments. The empirical parameters that are
varied from one simulation suite to another are 𝛿, the Tolman length, and 𝛼. The latter accounts for the dif-
ference in macroscopic surface tension between our rhyolitic samples and the 𝛾B function for haplogranitic
melt. Allowing for such potential discrepancies in macroscopic surface tension may be justified because of
compositional differences. Furthermore, potential measurement error or bias in the measurements upon
which 𝛾B is based cannot be ruled out, given that these experiments have never been reproduced.

We thus seek constant values of 𝛿 and 𝛼 that yield a best fit between the measured and simulated values
of bubble number density for all experiments combined. The necessity of this approach is demonstrated
by the fact that simulations, which use the existing formulations of surface tension (equations (1) and (2)),
cannot adequately predict bubble number density to within orders of magnitude for almost all experiments
(Figure 4). The need for a functional form that allows simultaneously for the nonconstancy of 𝛾 and a devi-
ation from 𝛾B is illustrated by the results of simulations that provide an exact match to the measured bubble
number densities for each experiment while assuming a constant value of 𝛾 for each experiment separately.
Figure 5, which shows the results of these simulations, indicates that a simple dependence of surface ten-
sion on water saturation and temperature is unlikely. Moreover, it shows that surface tension of a bubble
nucleus is lower than the macroscopically measured values (𝛾B), indicating that nucleation energy must be
smaller than the estimated empirical values W∗

n (𝛾B) shown in Figure 3 and in Table 3.

7.1. The Functional Form of Surface Tension During Bubble Nucleation
In the subsequent paragraphs we discuss the rationale for the functional form of 𝛾 = f(𝛿, 𝛼, 𝛾B), and we
describe how estimates for the empirical constants 𝛿 and 𝛼 were obtained. To allow for a nonconstant sur-
face tension, we use the correction proposed by Tolman (1949), which is given by equation (3). The Tolman
correction postulates that surface tension of small droplets and bubbles deviates from the surface tension
of a planar interface. The Tolman correction is based on the ratio of the Tolamn length, 𝛿, and the radius of
surface of tension, Rs. The surface of tension is the Gibbs dividing surface, and its radius depends on the
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Figure 5. The constant value of surface tension, 𝛾 , for each individual
experiment that results in a perfect match to the measured bubble number
density. The shaded area shows 𝛾B from equation (1) at 825–875 ◦C. The
solid line represents the surface tension from equation (2) at 850 ◦C.
Symbols are the same as in Figure 3.

capillary pressure, given by equation (7). The Tolman length is given by

𝛿 ≡ lim
Ps→∞

(Re − Rs), (32)

where Re is the radius of the equimolar dividing surface. The equimo-
lar dividing surface is based on the molar concentration of H2O, denoted
as 𝜀. Across the diffuse interface between bubble nucleus and melt the
molar concentration of H2O changes gradually, as illustrated by the red
solid line in Figure 6. The hypothetical equimolar dividing surface corre-
sponds to a sharp interface across which the molar concentration changes
sharply, as illustrated by the red dashed line in Figure 6. The radial posi-
tion of this hypothetical equimolar dividing surface is defined by the value
of r at which the function

Γ(r) = ∫
r

−∞

(
𝜀fluid − 𝜀(r)

)
dr + ∫

+∞

r

(
𝜀melt − 𝜀(r)

)
dr (33)

vanishes; that is, Γ(Re) = Γ(r) = 0.

The Tolman correction requires that the surface tension of a planar inter-
face, denoted as 𝛾∞, is known. This is, however, not the case for rhyolitic
melt. The most relevant surface tension measurements are those by Bag-

dassarov et al. (2000) for haplogranitic melt, which may differ from rhyolitic melt. To account for potential
discrepancies between 𝛾∞ of the rhyolitic melt used in our experiments and the data upon which 𝛾B is based,
we introduce the correction factor, 𝛼, defined as

𝛾∞ = (1 + 𝛼)𝛾B. (34)

The linear form of this correction was assumed in order to retain the original exponential form of 𝛾B and,
furthermore, to keep the number of unknown variables to a minimum. The resultant equation for the
Tolman-corrected surface tension of bubble nuclei in rhyolitic melt becomes

𝛾 = 1 + 𝛼

1 + 2𝛿∕Rs
𝛾B. (35)

Figure 6. A schematic of the diffusive interface between H2O fluid and melt where quantities such as the molar
concentration of H2O changes gradually. Also shown are the equimolar dividing surface of radius, Re, the radius of
curvature for surface of tension, Rs, and the hypothetical molar concentration of H2O. Tolman (1949) places the origin
of the radial coordinate within the liquid (melt) phase, in which case Re <0 and Rs < 0 for bubbles (Schmelzer &
Baidakov, 2016).
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m

Figure 7. (a, b) Root-mean-square error as a function of the Tolman length, 𝛿, and parameter 𝛼. The minimum
root-mean-square error is 0.86 m−3. The red box in (a) indicates the range in 𝛼 and 𝛿 shown in (b). (c) Ratio of 𝛾 to 𝛾∞
for each experiment as a function of critical nucleus radius, Rc. The curve is given by equation (3) with 𝛿 = 0.32 nm.
(d) Comparison of observed and predicted bubble number densities. Symbols are the same as in Figure 3.

7.2. Estimation of Surface Tension and Discussion of Results
7.2.1. Results of the Parameter Estimation
The values for the empirical constants 𝛼 and 𝛿 were estimated by numerical modeling of bubble nucleation
in the experiments. The 𝛼 and 𝛿 were varied systematically within empirical bounds. For each combination
of 𝛼 and 𝛿 nucleation in each experiment was simulated and the root-mean-square error (RMSE) between
the logarithm of model predictions of bubble number density and measured values was calculated. We define
the root-mean-square error as

RMSE =

√√√√ k∑
𝑗=1

1
k

(
log10(Nm,𝑗) − log10(N∗

m,𝑗
)
)2

, (36)

where j denotes the jth experiment and k=41. The objective of the grid search is to find the value combination
of 𝛼 and 𝛿 that minimizes the RMSE.

Figures 7a and 7b show that a search over −2 nm ≤ 𝛿 ≤ 2 nm and −1 ≤ 𝛼 ≤ 1 yields a global minimum in
RMSE of 0.86 at 𝛿 = 0.32 nm and 𝛼 = −0.51. The corresponding functional relation is shown in Figure 7c.
The comparison between predicted and actual bubble number densities is shown in Figure 7d. Simulations
for experiments that produced no bubbles, which are not shown in Figure 7d, resulted in N∗

m ≪ 108 m−3

and corresponds to zero bubbles within the experimental charge. The value of 𝛼 = −0.51 indicates that
our estimates for the macroscopic surface tension of water bubbles in rhyolitic melt, 𝛾∞, are lower than
the the surface tension data of Bagdassarov et al. (2000) for haplogranitic melt, represented by the function
𝛾B of equation (1) at equivalent temperatures. We have no explanation for this difference, but note that
most experimental estimates of surface tension shown in Figure 1 fall below the data trend of Bagdassarov
et al. (2000). In our opinion it would be desirable to obtain macroscopic surface tension measurements in
rhyolitic melt, using similar or different techniques as Bagdassarov et al. (2000). In the absence of such data,
the most conservative assumption is that 𝛾∞ follows a water saturation dependence similar to that found
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Figure 8. Calculated temporal progression of two experiments: G-1593 with 𝜏diff∕td ≫ 1 (left column) and G-1471 with
𝜏diff∕td ≪ 1 (right column). (a) and (e) show melt pressure, Pm, a prescribed parameter and saturation pressure, Psat,
which is the calculated pressure at which the melt would be saturated at the concentration of water that is dissolved.
(b) and (f) show nucleation rate, J, and bubble number density, N∗

m. Symbols at t = tquench represent the actual bubble
number density measured in the sample. (c) and (g) show the mean bubble radius, R̄, whereas (d) and (h) show the
volume fraction of bubbles, 𝜙.

by Bagdassarov et al. (2000). Under this assumption, the value of 𝛿 = 0.32 nm confirms a dependence of
surface tension on the size of bubble nucleus, with increasing surface tension as nucleus size decreases. The
improved fit between predicted and measured bubble number densities, or equivalently nucleation rates,
that is achieved through these corrections is consistent with results on nucleation kinetics in general, where
corrections to the classical theory yield vast improvements in predicted nucleation rates (Joswiak et al., 2013;
Lubetkin, 2003)
7.2.2. Improvement of Predictive Capabilities
For the majority of experiments Nm is predicted to within an order of magnitude. There are, however, a few
cases where the difference between N∗

m and Nm is about 2 orders of magnitude. Altogether, our new formu-
lation for 𝛾 enables the prediction of homogeneous bubble nucleation in rhyolitic melts with significantly
improved accuracy in comparison to previous formulations (Figure 4). The improvements are particularly
notable for experiments with Nm ≲ 1013 m−3, which are experiments where 𝜏diff∕td ≫ 1 (Table 3). Here, the
rate of bubble nucleation is to first order controlled by the supersaturation at the end of the decompression,
(Pi − Pf) and, more importantly, nucleation rate is very sensitive to surface tension and largely unaffected
by diffusion or decompression rate. In contrast, experiments with 𝜏diff∕td ≪ 1 are controlled by the inter-
play between diffusion and decompression and are relatively insensitive to surface tension. Although the fit
between observations and model predictions could potentially be improved with additional degrees of free-
dom in the functional form of 𝛾 , there is no theoretical basis to justify this. In our opinion a more fruitful
next step would be to test of our 𝛾 function against an independent suite of experiments.
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7.2.3. The Tolman Length
Despite significant efforts to constrain 𝛿, its magnitude and sign for one-component systems remain con-
troversial (e.g., Baidakov et al., 2000; Joswiak et al., 2013; Lei et al., 2005; Malijevský & Jackson, 2012). For
our multicomponent rhyolitic melt, the molar concentration H2O in the supercritical fluid phase is higher
than in the liquid phase, in contrast to one-component vapor-liquid systems. Perhaps, this explains why our
analysis results in a positive Tolman length, which implies that the surface of tension is located at a larger
distance from the bubble than the equimolar dividing surface (Figure 6).
7.2.4. Decompression Rate Dependence and “Incomplete” Nucleation
Figure 8 shows the modeled temporal evolution of two experiments. It illustrates the difference between
experiments with 𝜏diff∕td ≫ 1 (left column, G-1593) and those with 𝜏diff∕td ≪ 1 (right column, G-1471).
Both experiments underwent decompression at an approximately constant rate during the time interval 0 <

t ≤ td. Following decompression the samples were held at Pf until t = tquench, at which time the sample was
quenched.

During experiment G-1593, for which 𝜏diff∕td ≫ 1, water diffusion into existing bubbles is predicted to be
too slow to significantly affect the average water saturation in the melt (Figure 8a). At td the melt is still
fully saturated and remains so until tquench. The nucleation rate reaches a maximum at td, when supersat-
uration reaches its maximum value, and it remains approximately constant until tquench. Consequently, N∗

m
increases linearly between td and tquench (Figure 8b). The average bubble radius and volume fraction of bub-
bles increase at a high rate shortly after bubble nucleation and, due to diffusion, grow gradually until the
sample is quenched (Figures 8c and 8d). We attribute the underprediction of R̄ and 𝜙 to the approxima-
tion of water diffusion by the mean field approximation (equation (25)). Allowing for more diffusion by ad
hoc increasing water diffusivity, while keeping all else the same, improves the match in R̄ and 𝜙 between
models and experiments but does not significantly affect N∗

m. We therefore conclude that our model results
for surface tension are not significantly affected by the mean field approximation. That being said, future
improvements of the model could include an improved approximation for the diffusive flux (Forestier-Coste
et al., 2012). Overall, the volume fraction of bubbles, 𝜙, remains low throughout the experiment, because
most of the water remains dissolved in the melt (Figure 8d), because the experiment was terminated and
the sample was quenched while bubbles were still nucleating. In other words, nucleation was incomplete.

During experiment G-1471, for which 𝜏diff∕td ≪ 1, diffusion is predicted to reduce the saturation pressure,
Psat, before the sample reaches Pf (Figure 8e). Consequently, the nucleation rate peaks when Psat begins
to decrease (Figure 8f). The rapid diffusion of water into bubbles is a consequence of the high nucleation
rates and resulting large bubble number densities. As bubble number density increases the average dis-
tance between adjacent bubbles decreases. This equates to a shorter diffusion length and a corresponding
reduction in 𝜏diff. Once diffusion starts to affect water saturation the nucleation rate drops rapidly. As a con-
sequence, nucleation peaks at high rates within a narrow time interval and results in large values of N∗

m
(Figure 8f).

The average bubble radius grows rapidly but reaches a steady value shortly after nucleation, because water
concentration decreases to its equilibrium value and diffusion stops. The volume fraction of bubbles reaches
a relatively large value, because most of the dissolved water has exsolved (Figure 8h). For experiments with
𝜏diff∕td ≪ 1, a small increase (decrease) in 𝛾 will shift the nucleation peak to later (earlier) times. However,
the change in 𝛾 will be compensated by a change in supersaturation pressure and nucleation rate will peak
at approximately the same value, albeit at a slightly different time. Therefore, N∗

m is essentially insensitive to
𝛾 for experiments with 𝜏diff∕td ≪ 1. Instead, these experiments are sensitive to decompression rate, because
of the competing effects of diffusion and decompression: Nucleation rate increases if decompression rate is
higher than the reduction in supersaturation by diffusive water exsolution.

8. Conclusion
We performed bubble nucleation experiments in water saturated rhyolitic melt. Together with prior experi-
ments, they constitute a coherent suite of experiments that span a wide range of saturation conditions and
decompression rates. We used the method of moments to model bubble nucleation and growth in each
experiment. We provide a function for surface tension that is capable of predicting bubble number density
to within approximately 1 order of magnitude for most of our experiments. Our surface tension function is
based on two empirical constants, one of which is the Tolman length. We find two nucleation regimes in our
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experiments. They can be distinguished on the basis of the ratio of the diffusion timescale to the decompres-
sion timescale, denoted as 𝜏diff∕td. At high (small) bubble number densities the average distance between
bubbles and the diffusion timescale are low (large).

For 𝜏diff∕td ≪ 1 nucleation is controlled by the balance between decompression and diffusion. This regime
is associated with bubble number densities of >1015 m−3, high decompression rates, large supersaturation
pressures, high nucleation rates, and a peak in nucleation before the final pressure is reached. Nucleation is
sensitive to decompression rate but relatively insensitive to surface tension. We surmise that nucleation dur-
ing high intensity explosive eruptions fall in this regime. Our results implicitly confirm the requirement for
decompression rates of approximately 100 MPa/s for bubble number densities of>1015 m−3, assuming nucle-
ation is homogeneous and, perhaps, consistent with a peak in nucleation near the level of fragmentation
(Massol & Koyaguchi, 2005; Toramaru, 2014).

For 𝜏diff∕td ≫ 1 bubble number densities are <1013 m−3 and the nucleation energy remains at values of
approximately higher than 1.5 × 10−18 J. Nucleation is relatively unaffected by diffusion and therefore insen-
sitive to decompression rate. Model simulations predict that nucleation proceeds at near-constant rates
until bubble number densities reach a sufficient value to reduce saturation pressure, which did not occur
in any of our experiments because the samples were quenched before then. Thus, nucleation was incom-
plete. These results imply that, during eruptions with relatively low decompression rates, nucleation may
occur over durations of minutes or longer while supersaturation remains low. The resultant distribution of
bubbles would span a wide range in sizes. A subsequent sharp increase in nucleation rate may occur, if the
decompression rate accelerates. Nucleation rate would reach a maximum once diffusion begins to affect
supersaturation. The resultant bubble size distribution would be skewed toward small sizes (e.g., Adams
et al., 2006; Klug & Cashman, 1994; Toramaru, 1990).
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